1. Sine expansion of tangent.
Let n = 2m + 1 be odd. The system of equations:

0'2(71) =1
O'Q(TL) + 0'4(71) =0
o4(n) +og(n) =0
o6(n) +os(n) =0

Om—1+ 0m(n) =0

o1(n)+o3(n) =0
O'3<n) + 0'5(71) =0
os5(n) +o7(n) =0
has the solutions:
(a)if n =1 (mod 4) then
ooe(n) = (=1) for 1<¢<(n—1)/4
ooep1(n) = (=) for 0<0< (n—5)/4
(b) if n =3 (mod 4) then
oor(n) = (=1 for 1<0<(n—3)/4
o20s1(n) = (—1)° for 0<¢<(n—3)/4
Theorem. For o(n) as above:
1 - .
5 tan(mw/n) = ; or(n)sin(km/n).

Proof. Let w = €™/™ and let A be the right-hand side of the identity. Then
21A = Zak(n)(wk —w k).
k=1
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Multiply by w + w™!:

(w 4+ w_1)2iA _ Zak(n)(wk—H + wk—l - w—(k—l) - w—(kz—l—l))
k=1
R B o
= D k)t b k2 ey

wm—|—1
k=1

+ oo (n) (W™ — w™)

m—2
— Y (ok(n) + oppa ()™ = 041 (n)w — 0 (1)

k=1
= [omm)w™™ + o1 (N)w™ + ™ —w™ — o1 (N)w — o (n)] /W™

where we used the system of equations given above. Now w" = —1, w"T! = —w and

Om—1(n) + om(n) = 0 so that

Om ()" ™ + o1 ()™ = o1 (R)w — o (n) = 0.
Hence
(w4 w 1)2%A = (W™ —w™) Jw™ T =w —w,

and so .

1 w—w™ 1

= =4 .
2iw 4wt 2 an(/n)
0]

2. A formula for the minimal polynomial of 2 cos(27/r).

Notice the two extra 2’s in 2 cos(27/r).

It is simpler (for me) to work with the Dickson polynomials D, (x) = 2T,,(x/2), where
T,, is the Chebyshev polynomial of the first kind (i.e. cos(nf) = T, (cosf)). The Dickson
polynomials may be quickly computed from

Do(l’)
D1 (.’13)
Dn+2 (x)

2
T
T

Dyi1(x) — Dy ().

The Dickson polynomials have some algebraic advantages: they are monic (leading coeffi-
cient is 1) and satisfy
Dp(z+z ) =a"+27 "



In fact, D, (x) is the unique monic polynomial of degree n that satisfies this identity.

I will also use the cyclotomic polynomials @, (z), the minimal polynomials of e2mi/m
The roots of @, (z) are precisely the primitive nth roots of unity. If w is a primitive
nth root of unity then so is 1/w, and so 1/w is also a root. This means that @, (x) is
self-reciprocal ,that is, has the form:

2d 2d—1 d+2 d+1 d d—1 d—2
aor? +ar 2?4 dag 0 rag 12 Fagr® Fag_ 12 Hag_ 0?4 arxz+ag,

where d = p(n)/2. Note that ag = 1.
Theorem. Suppose r > 3. Set d = p(r)/2. Write

d—1
Qr(x) = agz? + Z a; (22477 4 29).

J=0

Then the minimal polynomial of 2 cos(27/r) is

d—1
PP(x) =aa+ ) _a;Da;(x).
j=0
Proof. Set w = €*™/". Compute:
[ d—1
w'PP (w +w™) = w? |ag + Zade_j(w +w™t)
- ‘7:0
i d—1
— U)d aqg + Z a; (wd_J + w_(d_J))
L ]:0
d—1
= aqw® + Z a; (w47 4+ w?)
§j=0
=Qr(w)=0.
The leading term of PTD comes form the j = 0 term, agDg4(z) = xz? + ... In particular,

PP is monic of degree d and hence the minimal polynomial of w +w~™! = 2cos(27w/r). O

As a simple example (using MAPLE):
Qeo(z) =20 4 21 — 219 — 2% — 25 1 22 4 1.
Thus the minimal polynomial of 2 cos(27/60) is

P6D0(£L’) =—1 + Dg_o(QZ) + Dg_Q(QZ) - Dg_G(ZL’).



And

D2 (l‘) = 1’2 -2

Dg(z) = 2% — 62* + 922 — 2

Dg(z) = 2® — 82% 4 202" — 1622 + 2.
Hence

PR(x) = 2® — 72® 4+ 142" — 822 + 1.

To get a minimal polynomial of cos(27/r) we take:

d—1
Pl(x) = PP(2x) = aa+ Y  a;Da;(2)
j=0
d—1
=aq+ 2 Z ade_j (l‘)
7=0

Again T),(x) is the Chebyshev polynomial of the first kind and we used D,,(2z) = 2T,,(z).
PT is not monic so it is (technically) not the minimal polynomial of cos(27 /), but a scalar
multiple of the minimal polynomial.

Lastly, to get a (scalar multiple) of the minimal polynomial of cos(r/n) simply take PT
for r = 2n. It helps to know that, if n is odd, then Qs,(z) = Q,(—x).

3. The case n is prime.

When n is an odd prime we get two different expressions for the minimal polynomial of
cos(m/n).

We use the Chebyshev polynomials of the second kind U;(x), where sin((t + 1)0) =
Ui(cos ) sinf. The sine expansion of tangent becomes (here n = 2m + 1):

1
—tan (m/n) = Zak sin(km/n)

1
5:)2:;2 Zak YUk—1(cosm/n)sinm/n

1 =2cos(m/n) Z ok (n)Uk—1(cosm/n).
k=1

Hence cos(m/n) is a root of

F( ——1+21‘de Uk 1



As deg F! = m = (n — 1)/2, this is (a scalar multiple of) the minimal polynomial.
For the second formula,

n—1
Qon(@) = Qu(—z) = > (~1)727.

=0

Hence cos(m/n) is a root of
Fi(@) = (=1)"+2) ()" Tj(x).
j=1

When n = 3,5 (mod 8), F}(x) = F?(z) and when n = +1 (mod 8) then F!(z) =
As a simple example:

F113 = —1-|—2£L’(—U0-|—U1+U2—U3—U4+U5>
= 642°% — 322° — 802* + 3223 + 2422 — 62 — 1

F2 =142(-Ty + T, — T+ Ty — Ts + Tg)
= 642°% — 3225 — 802* + 3223 4 2422 — 62 — 1.

This equality can (probably) be proven directly. For instance, for any n (prime or not)

x(Un—l - Un - Un—l—l + Un—|—2) = _Tn + Tn—l—l - Tn—|—2 + Tn—|—3~



