Theorem: (1/2) tan /7 = sin #/7 + sin 2z/7 — sin 37/7 )
Proof: Rearranging terms in Eq. 1 gives

tan /7 — 2 (sin /7 + sin 27/7 — sin 37/7 ) =0

or tan /7 — 2 (sin 6x/7 + sin 2z/7 — sin 47/7 ) = 0. 2)
But
sin 6x =2 sin x (3 cos x — 16 cos’ x + 16 cos” x); 3)
sin 2x = 2 sin x cos X; “4)
sin 4x = sin x (— 4 cos x + 8 cos” x). ®))

Now replace sin 67/7, sin 27/7, and sin 47/7 in the Lh.s. of Eq. 2 by applying Egs. 3-5:

Lhs. =( STy j —2[2sinZ(3cosZ —16c0s’ £ +16cos’ £) + 2sinZ cos £ —sin £ (—4 cosZ + 8cos’ )] (6)

cos%

=( Sln7j[1 —(12cos” £~ 64cos’ 5+ 64cos’ £ +4cos’ £ +8cos’ £ —16cos’ £)] @
cos%

=(Sln7j[]_24(;052%+80COS4%_64COS6%] )
cos%

It is well known that the polynomial of smallest degree ('minimal polynomial') of which cosZ is a root is

1-4x—4x" +8x°
Hence

8cos’Z =—1+4cosZ +4cos’ % )
Now square both sides of Eq. 9:

64c0s’Z=1-8cosZ +8cos’ Z+32cos’ Z +16¢os’ Z (10)

Substitute from Eq. 10 for 64 cos’ Z inEq. &:

Lhs. = (zg;;j[l —24c0s’ 2 +80cos’ Z — (1 —8cosZ +8cos’ Z+32cos’ £+ 16¢cos’ 2)] (11)
7

Collect terms in Eq. 11:

Lhs. = {Sm7J[l—4cos%—4coszg+8cos3%] (12)
cosZ

From Eq. 9, the r.h.s—and therefore also the 1.h.s—of Egs. 12 and 2 are equal to zero. i



